Abstract. This paper is a progress report on the foundations for the canonical proper-time approach to relativistic quantum theory. We first review the the standard square-root equation of relativistic quantum theory, followed by a review of the Dirac equation, providing new insights into the physical properties of both. We then introduce the canon- 
From the beginning, when researchers attempted to use the straightforward and physically intuitive time-dependent perturbation expansion to compute physical observables, a number of divergent expressions appeared. Although it was known that the same problems also existed in classical electrodynamics, Dirac had shown that, in this case, one could account for the problem of radiation reaction without directly dealing with the self-energy divergence by using both advanced and retarded fields and a particular limiting procedure.
Early attempts to develop subtraction procedures for the divergent expressions were very discouraging because they depended on both the gauge and the Lorentz frame, making them appear ambiguous. These problems were solved via the fundamental work of Feynman, Schwinger, and Tomonaga. In recent times, it is generally agreed that quantum electrodynamics (QED) is an almost perfect theory, which is in excellent agreement with experiment.
The fact that QED is very successful is without doubt. However, there are still some foundational and technical issues, which require clarification and which leaves the thoughtful student with a sense of unease in taking this as the final answer. In light of the tremendous historical success of eigenvalue analysis in physics and engineering, it is not inappropriate to reinvestigate the foundations with an eye towards clearly identifying the physical and mathematical limitations to our understanding of the hydrogen spectrum as an eigenvalue problem.
In the first section of this review we take a new look at the square-root operator and show that it has an analytic representation as a nonlocal composite of three singularities. The particle component has two negative parts and one (hard core) positive part, while the antiparticle component has two positive parts and one (hard core) negative part. This effect is confined within a Compton wavelength such that, at the point of singularity, they cancel each other providing a finite result. Furthermore, the operator looks like the identity outside a Compton wavelength.
In the second section, we provide an analytic diagonalization of the Dirac operator. Our approach leads to a complete split of the particle and antiparticle parts into two non-hemitian components, which are mapped into each other by the charge conjugation transformation. Thus, the full matrixvalued operator is Hermitian and shows (as is explained in the text) that the spinor representation in the Dirac equation hides its time nonlocal property.
We conclude that the Dirac and square-root operator do not represent the same physics, despite that fact that they are related by a unitary transformation.
In the third section, we introduce the canonical proper-time approach to electrodynamics and mechanics. By convention, this approach fixes the proper-time of the observed system as the clock of choice for all observers and explicitly shows that the question of simultaneity is actually a question of clock conventions. The change in convention produces a new symmetry group which is distinct from, but closely related to the Lorentz group, but with a Euclidean representation space. Thus, the new convention also replaces the standard form of Lorentz covariance by a new one. The advantage is that, this allows us to construct a parallel image of the conventional
Maxwell theory for a charged particle, which is mathematically, but not physically, equivalent to the conventional form. The new wave equation contains a gauge independent term, which appears instantaneously along the direction of motion, but opposing any applied force and is zero otherwise. This is the near field (i.e., the field at the site of the charged particle).
This shows that the origin of radiation reaction is not the action of a charge on itself but arises from inertial resistance to changes in motion. We show that the dissipative term is equivalent to an effective mass so that classical radiation has both a massless and a massive part. We also discuss solutions to a number of other problems that are solved with our new convention, which are either impossible or problematic within the standard framework.
In the forth section, we describe the canonical quantized proper-time theory. We obtain three possible relativistic wave equations, because of new possibilities, for the manner in which the potential energy may be introduced into the theory. Each new equation is generated by a strictly positive definite canonical Hamiltonian, so that it represents a consistent particle. We focus on the proper-time extension of the Dirac equation. A basic test of our
proper-time theory is the extent that it compares to the Dirac theory in accounting for the hydrogen spectra. We show that our canonical proper-time version of the Dirac equation gives results which are consistently closer to the experimental data, when compared to the Dirac equation. The present theory has not yet accounted for the Lamb shift or the anomalous magnetic moment. However, the analysis in sections one, two and three support our contention that the electron is not a point particle. This non-point nature is only expected to be important in s-states, where there is a finite probability of the electron being at the center of the proton. This aspect of our research is still in progress and will be reported on at a later time.
The square-root equation
In the transition to relativistic mechanics, the equation E 2 = c 2 p 2 + m 2 c 4 leads to the quantum Hamiltonian
Thus, it is quite natural to expect that the first choice for a relativistic wave equation would be: In this section, we take a new look at the square-root equation. First, we investigate the extent that the non-commutativity of p and A affect our ability to give an unambiguous meaning to the square-root operator.
We show that a unique analytic representation is well defined for suitable time-independent A provided we can solve a corresponding equation of the Schrödinger type. We then investigate a few simple cases of solvable models in order to get a feeling for the physical interpretation of this operator.
To begin, we start with the equation:
Where β and Σ are the Dirac matrices
I and σ are the identity and Pauli matrices respectively. Under physically reasonable mathematical conditions, the following operator is a well defined self-adjoint generator of a strongly continuous unitary group:
From the basic theory of fractional powers of closed linear operators, it can be shown that
In order to construct an analytic representation for equation (1.1), we assume that B is constant. The general case can be found in [6] . Let
2 and ω 2 = m 2 c 4 − e cΣ · B, so that ω is also constant.
Using this notation, we can write (1.1) as
Using the analytic theory of fractional powers of closed linear operators and
where (λ + ω 2 ) − G −1 is the resolvent associated with the operator
The resolvent can be computed directly if we can find the fundamental solution to the equation:
Schulman [7] has shown that the solution to the above equation is
where V = c 2 ω 2 /i and
and ε N = t/N . A rigorous justification for the path integral can be found in Gill and Zachary [8] . We assume that
whereĀ is the mean value of A. Using this, we have:
Using a table of Laplace transforms, the inner integral can be computed to
Once again, we interchange the order of integration and perform the computations to get
where
is the modified Bessel function of the third kind and first order.
Thus, if we set, a = e c A andā = e cĀ we get
Since ∇ · a = 0, we have
so that so that (1.4) becomes
The operator −∆ + 2ia · ∇ + a 2 + µ 2 acts on x, making the integral singular. However, this singular representation constructed below, equation
(1.5) has many of the properties observed in experiments. As will be seen, it represents the confinement of three singularities within a Compton wavelength. (A full discussion is delayed to the end of this section.)
We omit many of the computational details, which can be found in [9] , but the idea is to consider a ball B ρ (x) of radius ρ about x, so that
. We then restrict all operations to R 3 ρ and only let ρ → 0 at the end.
1.2. Free Case. The free particle case is the simplest (but still interesting),
Recall that the integral of x − y −2 over R 3 is finite. In order to understand the physical interpretation of equation (1.5), it will be helpful to review some properties of the modified Bessel functions
. We follow Gradshteyn and Ryzhik [10] , for 0 < u ≪ 1, we have that:
where θ 0 , θ 1 → 0 as u → 0. We note that, up to a multiplicative constant, at u = 0, so that the total integral is well defined.
The behavior of these functions is quite different, when u ≫ 1. In this case, we have:
We see that each term has a exponential cutoff. However, now 
can write the final result as:
From equations (1.6) and (1.7), we see that a constant magnetic field makes a real difference compared to either the A = 0 or A = 0 cases, producing two extra terms, in addition to the free particle term. The first new term is purely imaginary and singular at x = y (like the Yukawa term). Physically, we interpret this term as representing particle absorption and emission (see Mott and Massey [12] ) . The second term is real, repulsive and nonsingular.
In addition, the effective mass µ is constant but matrix-valued with complex
From known properties of Bessel functions for nonintegral ν, we can repre-
In the limit as ν approaches an integer, the above takes the indeterminate form 0/0 and is defined via L'Hôpital's rule. However, for our purposes, we assume that ν is close to an integer and u = u 1 + iu 2 , u 2 = 0. In this In closing, we should say a few additional words about the interesting work of Kowalski and Rembieliński [5] . They solve the Salpeter equation 
The Dirac Equation
The first successful attempt to resolve the question of how best to handle the square-root equation was made by Dirac in 1926 [13] . Dirac noticed that the Pauli matrices could be used to write c 2 p 2 + m 2 c 4 as cα · p + mc 2 β 2 .
The matrix α is defined by α = (α 1 , α 2 , α 3 ), where
Thus, Dirac [13] showed that an alternative representation of the square-root equation could be taken as:
In this case, Ψ must be viewed as a vector-valued function or spinor. To be
t . In this representation, ψ = (ψ 1 , ψ 2 ) t represents the particle (positive energy) component, and ϕ = (ϕ 1 , ϕ 2 ) represents the antiparticle (negative energy) component of the theory (for details, see
Thaller [14] [19] , and Feynman and Gell-Mann [20] have no doubt further supported such ideas.
In this section we show that it is possible to directly separate the particle and antiparticle components of the Dirac equation without approximations, even when scalar and vector potentials of quite general character are present (see [9] ). We show that the square root operator cannot be considered physically equivalent to the Dirac operator from another point of view. In addition, we offer another interpretation of the zitterbewegung and the fact that the expected value of a velocity measurement of a Dirac particle at any instant of time is ±c.
2.1. Complete Separation. It turns out that a direct analytic separation is actually quite simple and provides additional insight into the particle and antiparticle components. In order to see this, let A(x, t) and V (x) be given vector and scalar potentials and, after adding V (x) and making the transformation p → π = p − e/cA, write (2.1) in two-component form as:
We write the second equation as:
In this form, we see that from an analytical point of view equation (2.2) is a first order inhomogeneous partial differential equation. This equation can be solved via the Green's function method if we first solve
It is easy to see that the solution to this equation is
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It now follows via convolution that:
In a similar manner, we obtain the complete equation for ϕ:
Thus, we have decomposed
One copy of L 2 R 3 , C 2 contains the particle (positive energy)
wave component, while the other copy contains the antiparticle (negative energy) wave component. Which of these copies corresponds to the components ψ = (ψ 1 , ψ 2 ) t and which to the components ϕ = (ϕ 1 , ϕ 2 ) t depends, to some extent, on the properties of the scalar potential V . It may have been noticed that equations (2.3) and (2.4) are non-hermitian. It is shown in [9] that they are mapped into each other by the charge conjugation operator, so that the full matrix representation is hermitian. An unsettled issue is the definition of the appropriate inner product for the two subspaces, which will account for the quantum constraint that the total probability integral is normalized. We can satisfy this requirement if we set
We can now define the particle and antiparticle inner products by: 5) so that the normalized probability densities satisfy: 
We call the latter equation the analytic diagonalization of the Dirac equation because the wave function has not changed.
The standard approach to the diagonalization of the Dirac equation (without an external potential V ) is via the Foldy-Wouthuysen representation [18] . Assuming that A does not depend on t, the following generalization can be found in deVries [16] :
In this case,
and our square-root operator The time nonlocal behavior raises questions about the zitterbewegung.
The physically reasonable interpretation of the zitterbewegung and the fact that the expected value of a velocity measurement (of a Dirac particle) at any instant in time ±c are reflections of the fact that the Dirac equation makes a spatially extended particle appear as a point in the present by forcing it to oscillate between the past and future at speed ±c.
Classical Proper-time Theory
In this section, we briefly review the classical theory. The theory was first introduced in 2001 [21] and further discussed in [22] . However, the theory has its roots in the foundations of quantum electrodynamics as developed by Feynman and Dyson.
Background. Following the suggestions of Feynman and Dyson, our
program began with the development of a mathematical theory for Feynman's time-ordered operator calculus, where time is accorded its natural role as the director of physical processes. Briefly, our theory is constructive in that operators acting at different times actually commute (in the mathematical sense). This approach allows us to develop a general perturbation theory for all theories generated by unitary evolutions. We are also able to reformulate our theory as a physically motivated sum over paths as suggested by Feynman. Our purpose was to prove the last two remaining conjectures of Dyson concerning the mathematical foundations for QED (see [23] ). (A. Salam confirmed Dyson's first conjecture [24] , while S. Weinberg [25] confirmed his second one.) In particular, we showed that:
(1) The renormalized perturbation series of quantum electrodynamics is at most asymptotic. (We also provided the remainder so that, in the mathematical sense, the expansion is exact.) ( 2) The ultraviolet divergence of quantum electrodynamics is caused by a violation of the time-energy uncertainty relations (at each point in time).
As a special case, our approach also provided the first rigorous mathematical foundation for the Feynman path integral formulation of quantum mechanics (see [8] ).
In the Feynman world-view the universe is a three-dimensional motion picture in which more and more of the future appears as time evolves. Time is a physically defined variable with properties distinct from those of the three spacial variables. This view is inconsistent with the Minkowski worldview, in which time is an additional coordinate for space-time geometry.
With this inconsistency in mind, we began to investigate the possibility that an alternative formulation of both classical and quantum theory could exist, which encodes the Feynman world-view. We discovered the canonical proper-time approach to classical electrodynamics, in which the proper-time of the observed system is used as opposed to the proper-time of the observer.
3.2.
Maxwell's equations. For the local-time version of Maxwell's equations, it is convenient to start with the standard definition of proper-time:
Motivated by geometry and the philosophy of the times, Minkowski suggested that we use the proper-time to define a metric for the space-time implementation of the special theory of relativity. Physically, it is wellknown that dτ is not an exact one-form because a particle can traverse many different paths (in space) during any given τ interval. This reflects the fact that the distance traveled in a given τ interval depends on the forces acting on the particle. This also implies that the clock of the source carries additional physical information about the acting forces. In order to see this, rewrite equation (3.1) as:
For any other observer, we have:
It follows that observers can use one unique clock to discuss all events associated with the source (simultaneity). We also note that, the phase space variables remain unchanged because the momentum p = mw = m 0 u, where
From equations (3.2) and (3.3) we see explicitly that, the new metric for each observer is exact, while the representation space is now Euclidean. In order to clearly see that we have a change in the clock convention, assume that we are observing a particle moving with constant velocity relative to our unprimed (inertial) frame. In this case, we can integrate equation (3.2) obtaining:
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The inverse relationship is
where w = dx dt . Now, t and τ differ by a scale factor, so that either may be used (a convention). The advantage of the τ representation is that the same τ is also available to our prime observer in her frame:
The important point of our theory is that, this convention is available in the non constant velocity case. (In order to show that general case does not complicate matters, in Section 3.3 we construct the transformation group for all cases.)
In our new formalism, the natural definition of velocity is no longer w = dx/dt but u = dx/dτ . This suggests that there may be a certain duality in the relationship between t, τ and w, u. To see that this is indeed the case, recall that u = w 1 − w 2 c 2 . Solving for w, we get that For our prime observer, it is easy to see that the corresponding result will be:
From equations (3.5) (and (3.6)) we see that the non-invariance of t, (t ′ ) and the invariance of c on the left is replaced by the non-invariance of b, (b ′ ) and the invariance of τ on the right. These equations represent mathematically equivalent relations. Thus, wherever they are used consistently as replacements for each other, they can't change the mathematical relationships. In order to see their impact on Maxwell's equations, in c.g.s. units, we have:
Using equations (3.1) and (3.2) in (3.3), we have the mathematically identical representation for Maxwell's equations:
Thus, Maxwell's equations are equally valid when the local time of the particle is used to describe the fields. This leads to the following conclusions: [26] or Moffat [27] ).
Let us now derive the corresponding wave equations in the local-time variable. Taking the curl of the last two equations Maxwell equations (above), and using standard vector identities, we get:
where a = du/dτ is the effective acceleration. The new (gauge independent) term appears instantaneously along the direction of motion, but opposing any applied force and is zero otherwise. This is the near field (i.e., the field at the site of the charged particle). This is exactly what one expects of the back reaction caused by the inertial resistance of a particle to accelerated motion and, according to Wheeler and Feynman [28] , is precisely what is meant by radiation reaction. Thus, the collaborative use of the observer's coordinate system and the local clock of the observed system provides intrinsic information about the local field dynamics not available in the conventional formulation of Maxwell's theory. It is shown in [22] , that the theory does not require point particles, self-energy divergence, mass renormalization or the Lorentz Dirac equation.
It is also shown in [21] that, for a closed system of interacting charged particles, the proper-time of the center of mass corresponds to the historical clock of Horwitz, Piron, and Fanchi (see [29] and [30] ). In this case, b = c and the corresponding Maxwell equations represent the far field (only retarded potentials). It was further shown that, from this vantage point, the particle interactions appear as the delayed action-at-a-distance type. This verifies the Wheeler-Feynman conjecture that field theory and delayed action-at-adistance are complimentary manifestations of the same physics (see [28] ).
The requirement of total conservation of momentum, angular momentum and energy allowed us to prove the complete absorption of radiation by all particles in the system. (Recall that, this was an assumption in the Wheeler and Feynman approach and the center-fold of their theory.)
If we make a scale transformation (at fixed position) with E → (b/c) 1/2 E and B → (b/c) 1/2 B, the equations in (3.4) transform to compute the E and B fields directly in [21] to obtain:
(It is easy to see that B is orthogonal to E.) The first two terms in the above equations are standard, in the (x(t), w(t)) variables. The third part of both equations is new and arises because of the dissipative term in our wave equation. (Once again, this term is zero when b is constant.) It is easy to see that r × (u × r) = r 2 u − (u · r)r, so we get a component along the direction of motion. (Thus, the E field has a longitudinal part.) This confirms our claim that the new dissipative term is equivalent to an effective mass that arises due to the collaborative acceleration of the particle. This means that the cause for radiation reaction comes directly from the use of the local clock to formulate Maxwell's equations. It follows that, in this approach there is no need to assume advanced potentials, self-interaction, mass renormalization and the Lorentz-Dirac equation in order to account for it (radiation reaction), as is required when the observer clock is used.
Furthermore, no assumptions about the structure of the source are needed.
3.3.
Proper-time Lorentz Group. We now identify the new transformation group that preserves the first postulate of the special theory. The standard (Lorentz) time transformations between two inertial observers can be written as
We want to replace t, t ′ by τ . To do this, use the relationship between dt and dτ to get:
where we have used the mean value theorem of calculus to obtain the end result, so that bothb andb ′ represent an earlier τ -value of b and b ′ respectively.
Note that, as b and b ′ depend on τ , the transformations (3.8) represent explicit nonlinear relationships between t, t ′ and τ (during interaction). This is to be expected in the general case when the system is acted on by external forces. However, if b is constant (so is b ′ ), then t, t ′ and τ differ by a scale transformation, which means they are physically equivalent, in addition to their natural mathematical equivalence.
If we set
we can write the transformations that fix τ as: 
From these results, it follows that, at the local level, during interaction, equations (3.9) and (3.10) provide a nonlinear and nonlocal representation of the Lorentz group. We call it the proper-time Lorentz group.
3.4.
Proper-Time Particle Theory. We now investigate the corresponding particle theory. The key concept to our approach may be seen by examining the time evolution of a dynamical parameter W (x, p), via the standard formulation of classical mechanics, described in terms of the Poisson brackets:
We can also represent the dynamics via the proper time by using the representation dτ = (1/γ)dt = (mc 2 H)dt, so that:
Assuming a well-defined (invariant) rest energy (mc 2 ) for the particle, we determine the canonical proper-time Hamiltonian K such that:
we get that a = a ′ = 1 2 mc 2 , so that (assuming no explicit time dependence)
Since τ is invariant during interaction (minimal coupling), we make the natural assumption that (the form of) K also remains invariant. Thus, if 
If we set H 0 = √ c 2 π 2 + m 2 c 4 , use standard vector identities with H 0 = mcb − V , ∇ × π = − e c B, and compute Hamilton's equations, we get:
(3.16)
Further reduction, using the definition of E, with V = eΦ, we have:
It is clear that the additional term in equation (3.7) acts to oppose the force imposed by the charged particle part of the E field (i.e., −∇V ). In order to see the physical meaning of the term, assume an interaction between a proton and an electron, where A = 0 and V is the Coulomb interaction, so that (3.7) becomes:
c b dp
Using H 0 ≈ mc 2 , we see that lim r→r 0 u = 0 and lim r→r 0 a = 0, so that: 3.19) and the classical electron radius, r 0 , is a critical point (i.e., −∇V − ∇V (V /mc 2 ) = 0). Thus, for 0 < r < r 0 , the force becomes repulsive.
We interpret this as a fixed region of repulsion, so that the singularity r = 0 is impossible to reach at the classical level. The neglected terms are attractive but of lower order. This makes the critical point less than r 0 . Thus, in general, the electron experiences a strongly repulsive force when it gets too close to the proton. This means that the classical principle of impenetrability, namely that no two particles can occupy the same space at the same time occurs naturally. It is this additional term that leads us to suspect that the electron may not act like a point particle in the s-states of hydrogen, where it has a finite probability of being at the center of the proton.
The above observation also implies that, two electrons will experience an attraction if they can come close enough together as for example, at very low energies (temperatures).
The Lagrangian representation reveals the close relationship to the nonrelativistic case. If we solve for p, we get
Using this in K along with b 2 = u 2 + c 2 , we have
From this representation, it is clear that the neglect of second order terms gives us the non-relativistic theory.
Relativistic Quantum Theory
The Klein-Gordon and Dirac equations were first discovered in early attempts to make quantum mechanics compatible with the Minkowski formulation of special theory of relativity. Both were partially successful but could no longer be interpreted as particle equations and a complete theory required quantum fields and the associated problems. For a recent discussion of other problems, one can consult [9] (see also [6] ).
In this section we introduce the canonical extension of the Dirac and square-root equations. Let A(x, t) and V (x) be given vector and scalar potentials and, after adding V (x) and making the transformation
To quantize our theory, we follow the standard procedure leading to the equation:
However, in addition to the Dirac Hamiltonian, there are two other possible
Hamiltonians, depending on the way the potential appears with the squareroot operator:
We have identified three possible canonical proper-time particle equations for spin-1 2 particles. (We also note that, these equations can be modified to apply to particles of any spin, by a minor change in the β matrix.)
(1) The canonical proper-time version of the Dirac equation:
2) The canonical proper-time version of the square-root equation, using the first possibility: 
If V = 0, all equations reduce to:
The close relationship to the Schrödinger operator, makes it easy to see that, in all cases, K is positive definite. In mathematical terms, the lower order terms are relatively bounded with respect to π 2 /2m. It follows that, unlike the Dirac and Klein-Gordon approach, we can interpret (4.1)-(4.3) as true particle equations. In the above equations, we have assumed that V is time 
where λ n is the n-th eigenvalue and Ψ n is the corresponding eigenfunction.
For this case, if j is the total angular momentum and α is the fine structure constant, we have
For the proper-time extension, with the same eigenfunction, we have
In order to compare the two expressions to order O(α 8 ), we begin with the following approximations:
Let κ = j + 1 2 , then our proper time extension can be written as:
Using (2), we have:
Using (3), we can approximate It is now easy to see that, to order α 4 , λ n − E n = −α 4 8n 4 , so that the E n values are systematically lower than the λ n values. In Table 2 , we see the same comparative results for the p, d and f-states. 
where r 0 = e 2 /M c 2 . There are three possible choices for M :
(1) The electron cannot be treated as a point particle in s-states of hydrogen, so that M = m, the mass of the electron and r 0 is the classical electron radius.
(2) Neither the electron nor the proton can be treated as point particles in s-states of hydrogen, so that M = µ, the reduced mass and r 0 is the classical mixed reduced radius.
(3) The electron can be treated as a point particle in s-states of hydrogen, but the proton cannot so that M = m p , the mass of the proton and r 0 is the classical reduced proton radius.
It is clear that, at the zero-th order, we recover the Coulomb potential and the second term in (4.7) is a first order approximation. Assuming the first case, our eigenvalue problem becomes:
(4.8)
As a first try, we set V = V 0 for the terms containing α, use our first order approximation in the second term and V itself in the last term, so that βV ≃ βV 0 + β r 0 r e Σ · B 2mc − β r 0 r π 2 2m .
For the last term, we use the approximation:
